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1. Introduction
Traditionally, climate model dynamical cores have been based on the spectral transform
method because the global spherical harmonic basis functions provide an isotropic representation on the sphere. It is trivial to implement semi-implicit time stepping schemes, as
the spherical harmonics are eigenfunctions of the Laplacian on the sphere and the resulting Helmholtz problem is diagonalized in spectral space. Spectral elements maintain the
accuracy and exponential convergence rate exhibited by the spectral transform method
and have proven to be effective in geophysical fluid dynamics by Taylor et al. (1997) and
Iskandarani et al. (1995). The explicit time step is limited by the Courant condition for
gravity waves. For spectral elements, stability is determined by the eigenvalues of the
discrete spatial operators. With quadratic clustering of Gauss points at element boundaries, these eigenvalues scale as 1/KN 2 , where K is the number of elements and N is the
polynomial degree. For the spectral transform, the explicit time step decreases linearly
with increased resolution. Consequently, the explicit time step is more restrictive in the
case of spectral elements. A semi-implicit scheme removes the stability constraint related
to gravity waves (Thomas et al 2003). The advection stability constraint can be avoided
with a semi-Lagrangian scheme as described in Giraldo and Perot (2001).
In this article we perform validation experiments with a 3-D climate spectral element
dynamical core developed at NCAR. The Held-Suarez (1994) idealized physical forcings
are often used to evaluate numerical schemes for atmospheric general circulation models.
We present results for this 1200 day integration using the spectral element model with
explicit time-stepping and time-split diffusion. Results for a new benchmark proposed by
Polvani et al (2002) are also reported. Initial conditions are specified without additional
forcing terms. A major advantage of this test is that a 12 day integration is required.
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2. Spectral Element Formulation of the Primitive Equations
The 3-D primitive equations neglect vertical acceleration and are derived from the NavierStokes equations by invoking scaling arguments for the atmospheric general circulation.
We follow the NCAR CCM3 formulation described in Kiehl et al. (1996) and introduce
a general, terrain-following, vertical coordinate η. This hybrid coordinate η( p, ps ) is
a monotonic function of pressure p and is dependent on the surface pressure ps , where
boundary conditions are given by η(0, ps ) = 0 and η(ps , ps ) = 1. The momentum,
thermodynamic and continuity equations for frictionless adiabatic motion are given by
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where the material derivative is given by
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v = ( u, v) is the horizontal velocity vector, T is the temperature R is the gas constant,
cp is the specific heat at constant pressure and κ = R/cp . The geopotential φ is defined
by the hydrostatic equation
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Expressions for log surface pressure ln ps and vertical advection of pressure are obtained
by integrating the continuity equation (2.3) using the boundary conditions η̇ = 0 at η = 0
and η = 1.
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The prognostic equations (2.1), (2.2), (2.6) for v, T , and ln ps are integrated using either
an explicit or semi-implicit time-stepping scheme.
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The hydrostatic relation (2.4) is used to diagnose the geopotential and the pressure p is
obtained from the surface pressure ps using the definition of the hybrid vertical coordinate. The vertical discretization employs finite differences and is designed to conserve
both energy and angular momentum in the absence of external forcing terms. NLEV
vertical layers are defined by the ‘half-level’ pressures pl+1/2 = Al+1/2 + Bl+1/2 ps . The
constants Al+1/2 and Bl+1/2 effectively define the vertical coordinate, where B = ∂p/∂ps .
Prognostic variables are represented by ‘full-level’ values at pressure levels l. A hybrid
terrain-following coordinate is a combination of sigma σ = p/ps and pure pressure levels.
Pressure gradient truncation errors over steep topography can be significantly reduced
by using η vertical coordinates (Simmons and Burridge 1981).
In the horizontal discretization via spectral elements, the computational domain Ω is
partitioned into K elements Ωk in which the dependent and independent variables are
approximated by N –th order tensor-product polynomial expansions as described in Ronquist (1988). For example the velocity is expanded in terms of the N –th degree Lagrangian interpolants hi ,
ukh (r1 , r2 ) =
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X
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A weak variational problem is obtained by integrating the equations with respect to test
functions and directly evaluating inner products using Gauss-Lobatto quadrature.
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where ( ξi , ρi ), i = 0, . . . N are the Gauss-Lobatto nodes and weights on Λ = [ −1, 1 ].
Physical coordinates are mapped according to x ∈ Ωk ⇒ r ∈ Λ × Λ. C 0 continuity of the
velocity is enforced at inter-element boundaries which share Gauss-Lobatto points and
direct stiffness summation is applied to assemble global matrices.
The primitive equations in general curvilinear coordinates are given in Loft et al. (2001).
Following Sadourny (1972), a cubed-sphere coordinate system is employed whereby the
sphere is tiled with rectangular elements by subdividing the six faces of the cube, which
circumscribes the sphere, and then using a gnomonic projection to map these elements
onto the surface of the sphere. Rancic et al (1996 ) showed that an equal angular
projection results in a more uniformly spaced grid. Conformal coordinates for the cubedsphere are discussed in this paper and by McGregor (1997). For a discussion on solving
partial differential equations on the cubed-sphere, see the paper by Ronchi et al (1996).

3

3. Held-Suarez Results
The Held-Suarez (1994) (hereafter HS94) idealized climate test is designed to validate
the dry dynamical core of an atmospheric general circulation model for multi-year integrations. It assumes an ideal gas atmosphere over a rotating sphere with no topography.
The flow is not specified as hydrostatic, however, the hydrostatic primitive equations
may be employed as described in Section 2. The prescribed forcing consists of a simple
Newtonian relaxation of the temperature field to a zonally symmetric state and Rayleigh
damping of the lower level wind field to approximate friction or drag caused by the atmospheric boundary layer near the surface. The initial state of the atmosphere is hydrostatic
and isothermal T = 300 K. The model is integrated for 1200 days. Zonally averaged wind
and temperature fields are then reported. The Held-Suarez forcings take the following
form,
∂v
= · · · − kv ( φ, σ )
∂t
∂T
= · · · − kT ( φ, σ ) [ T − Teq ( φ, σ ) ]
∂t
where φ is the latitude and σ = p/ps is the vertical sigma coordinate level. The temperature is relaxed to the equilibrium temperature Teq and relaxation rate kT . The linear
damping rate of the wind is given by kv . A simulation was performed using 150 spectral
elements and 20 equally spaced sigma levels in the vertical direction. An explicit time
step of dt = 100s was specified. A Boyd-Vandeven filter (Boyd 1996) was applied every
second time step to stabilize the model. In addition, a ∇2 dissipation with coefficient
ν = 1 × 104 m2 s−1 was applied using an explicit time-splitting scheme, as described in
Williamson and Laprise (2000). This implies that the dissipation term is integrated to
first order.
The simulation results are plotted in Figures 1 and 2. These plots closely match those
given in HS94 and exhibit the characteristic formation of jets in the upper atmosphere.
We observe a slightly increased damping near the surface, in both the zonal temperature
and zonal wind plots, where the amplitude of the wind shear near the equator is lower
than that reported in the HS94 paper. In our experiments, we also observed that the
placement of the jets is sensitive to the amount of dissipation. Values of ν larger than
ν = 1 × 105 tend to cause the two jets to merge by moving inward towards the equator.
This damping is less pronounced when the model is run without dissipation. However,
dissipation is required for our second dynamical core test problem.
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4. Baroclinic Instability
A clear limitation of the HS94 test case is the temporal and spatial averaging of the
flow fields, which could possibly mask errors in the numerics. Another drawback is that
analytically specified forcing terms must be applied and thus the dynamical core is not
tested in isolation. Numerical convergence was not addressed by the authors, however,
the issue was considered by Boer and Denis (1997). The test problem proposed by Polvani
et al. (2002) is designed to overcome these limitations by specifying an initial boundary
value problem (IBVP) for the primitive equations, including viscosity. A numerically
converged solution should be obtained by any primitive equations dynamical core, simply
by increasing the horizontal resolution.
The analytic initial condition specified in Polvani et al (2002) consists of a basic zonal flow,
representing a mid-latitude tropospheric jet. A small perturbation is added to induce a
baroclinic instability, which is then integrated for 12 days. The solution of the resulting
IBVP is guaranteed to blow-up in a finite time unless dissipation terms are included in the
momentum and thermodynamic equations. For the spectral element model, it is difficult
to implement a ν∇4 hyper-viscosity and thus we consider the standard ν∇2 dissipation
operator. The vertical discretization employs 20 equally spaced sigma levels, with the
initial surface pressure set to ps = 1000 hPa. Due to the zonal structure of the wind field
and numerical integration in the meridional direction to compute the temperature field,
the initial condition is first computed on a 1024×512 Gaussian lat-lon grid corresponding
to a T341 spectral resolution. The initial fields are then computed on the cubed-sphere
spectral element mesh using bilinear interpolation on each vertical level.
The explicit spectral element dynamical core was integrated for twelve days using timesplit dissipation with viscosity coefficient ν = 5 × 105 m2 s−1 , as specified by the authors.
A horizontal resolution roughly equivalent to a spectral transform model with a triangular
truncation of T170 was employed. The temperature field at the surface (σ = 0.975) after
10 days of integration is plotted in Figure 3. The onset of the baroclinic instability and
the resulting nonlinear wave-breaking are clearly visible in this plot. The eddy kinetic
energy (EKE) computed after 10 days is 1.7 × 104 Jm−2 . The surface vorticity at 10 days
is plotted in Figure 4 and diagnostic quantities such as kζk2 and kζk∞ are in agreement
with those reported in Polvani et al (2002). These results also compare closely with the
GFDL FMS-SDC spectral transform model, as reported in this paper. Indeed, it is our
conclusion that the NCAR spectral element model has very nearly converged to the same
solution.
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Figure 1: Held-Suarez idealized forcings. Zonal-mean wind. 1000 day mean. Integration
with ν∇2 time-split explicit diffusion, ν = 1×104 m2 s−1 . Boyd-Vandeven Filter, µ = 0.10,
f = 2. Results from explicit SEAM, ne = 5, nv = 8.
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Figure 2: Held-Suarez idealized forcings. Zonal-mean temperature. 1000 day mean.
Integration with ν∇2 time-split explicit diffusion, ν = 1 × 104 m2 s−1 . Boyd-Vandeven
Filter, µ = 0.10, f = 2. Results from explicit SEAM, ne = 5, nv = 8.
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Figure 3: Surface temperature (at σ = 0.975) after 10 days of integration with ν∇2
time-split explicit diffusion, ν = 5 × 105 m2 s−1 . Results from explicit SEAM, ne = 21,
nv = 8, C147L20 (T170 equivalent) resolution.
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Figure 4: Surface vorticity (at σ = 0.975) after 10 days of integration with ν∇2 time-split
explicit diffusion, ν = 5.0 × 105 m2 s−1 . Results from explicit SEAM, ne = 21, nv = 8,
C147L20 (T170 equivalent) resolution.
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